The forward problem of Magnetoencephalography for an ellipsoidal inhomogeneous shell-model of the brain is considered. The inhomogeneity enters through a confocal ellipsoidal shell exhibiting different conductivity than the one of the brain tissue. It is shown that, as far as the leading quadrupolic moment of the exterior magnetic field is concerned, the complicated expression associated with the field itself is the same as in the homogeneous case, while the effect of the shell is focused on the form of the generalized dipole moment. In contrast to the spherical case, where no shell inhomogeneities are "readable" outside the skull, the ellipsoidal shells establish their existence on the exterior magnetic induction field in a way that depends not only on the geometry but also on the conductivity of the shell. The degenerated spherical results are fully recovered.
presence of an ellipsoidal shell with different conductivity from the one characterizing the brain tissue.
The result is amazingly similar to the corresponding result of the single ellipsoidal model [3] . The only effect that the inhomogeneous shell has on the form of the magnetic field, is attributed to the expression of the generalized dipole moment appearing in the quadrupole term. As we show, this generalized dipole moment is a complicated expression of the conductivity profiles in the two compartments as well as of the semiaxes of the brain and its covering shell.
Everything connected to the geometry of the problem is expressed in terms of canonical dyadics. It is important to realize that the form of the generalized dipole moment dictates the orientation of the silent sources which are drastically effected by the conductive ellipsoidal shell. It is also shown that the part of the solution associated with the observation point, where the magnetic field is measured, is not influenced by the existence of the shell. Section 2 involves the mathematical statement of the direct MEG problem for an ellipsoidal brain which is excited by a current dipole in its interior and it is surrounded by a confocal ellipsoidal shell of different conductivity. In order to solve this problem we need to solve first the related EEG problem, a task that has been fulfilled in [11] . The main result of the present work is exposed in Section 3 where the exterior magnetic field is evaluated through a series of appropriate manipulations with elliptic integrals. In Section 4 we reduce the ellipsoidal results to the corresponding spherical ones as well as to the case of the single component homogeneous brain model.
Statement of the problem.
First we define the geometry of the problem. The brain is modeled with the triaxial ellipsoid which has the constant conductivity σ b . We denote this region by V b and let S b = ∂V b . The confocal ellipsoidal shell V α , bounded by the ellipsoid S b and the ellipsoid S α given by
surrounds the brain and is characterized by the conductivity σ α = σ b . The space V α models either the cerebrospinal fluid, the bone, the skin, or an average of all of them. The semiaxes are ordered as follows:
In terms of the ellipsoidal coordinates (ρ,µ,ν) [9] , which are connected to the Cartesian coordinates (x 1 , x 2 , x 3 ) by
where the semifocal distances h 1 , h 2 , h 3 are given by
, and the shell-domain V α to ρ ∈ (b 1 , α 1 ). The exterior domain V is then described by ρ > α 1 and has zero conductivity. The magnetic permeability µ 0 is taken to be constant in all of R 3 . At the point r 0 = (ρ 0 , µ 0 , ν 0 ), being within V b , an equivalent dipole current source with dipole moment Q models the local electrochemical activity of the neurons.
Within the framework of quasistatic electromagnetic theory [13] , which is generally accepted for MEG problems [15] , this current
gives rise to an electric potential u and to a magnetic induction field B. Let us denote by u b , u α and u the electric field in V b , V α and V, respectively. Then the magnetic field B, generated in V, is a consequence of the primary current J and the induction currents −σ α ∇u α and −σ b ∇u b which are supported in V α and V b , respectively.
Hence, Ampere's law [13] 
where G stands for the support of the total current J t , implies the representation
or, in view of Geselowitz formula [2] ,
whereρ denotes the outward unit normal on the corresponding ellipsoid. Representation (2.9) recasts the contribution of the conductive domains to B in the form of surface distributions of dipoles oriented normally to the interfaces S α and S b . The density of these dipole distributions is proportional to −σ α u α on S α and to σ α u α − σ b u b on S b . Therefore, our first task is to solve the following boundary value problem, for the electric potential ∆u(r) = 0, r ∈ V, (2.10)
where J(r) is given by (2.6) . Continuity conditions demand that the fields u, u α , u b are connected through the surface conditions
where ∂ n stands for the outward normal differentiation on the corresponding surface. Furthermore, the exterior electric field has to satisfy the asymptotic condition
The solution of the problem (2.10)-(2.17), which has been obtained in [11] , assumes the following appropriate-for-our-purpose form:
for r ∈ V b , where for each n = 1, 2, ... and m = 1, 2, ..., 2n + 1,
and d 1 0 is an arbitrary constant (as any potential function owes to have). The rest of the variables appearing in (2.18)-(2.21) are connected to the ellipsoidal harmonics
given in terms of the Lamé functions E m n and F m n and the elliptic integrals I m n (ρ) which are defined in the Appendix.
Finally, γ m n denote the ellipsoidal normalization constants
for each n = 1, 2, ... and m = 1, 2, ..., 2n + 1, where l ρ 0 (µ, ν) is the ellipsoidal weighting function defined by
3. The magnetic field. Our main task in this section is to find analytic expressions for the integrals appearing in (2.9). This will be achieved via appropriate transformations, the orthogonality of the surface ellipsoidal harmonics and the evaluation of the normalization integrals. We start with the evaluation of the integral
where l α is obtained from (2.25) by substituting ρ 0 = α 1 ,
with the cross-dot product defined by (3.9) and the related polyadics defined as follows:
The constants Λ α , Λ α are given in (A.7) and the notation O(el 3 ) indicates ellipsoidal terms in r that are of the octapole or higher multipole type.
A similar expansion for the potential u α on S α leads to
where for n = 1, 2 and m = 1, 2, ..., 2n + 1,
.
Using the expression (2.21) as well as (A.3)-(A.19) we can rewrite the ζ m n for n = 1, 2 and m = 1, 2, ..., 2n + 1 as follows:
Inserting (3.2) and (3.15) in (3.1) and using orthogonality we arrive at
or, in view of (3.3)-(3.14), (3.17)-(3.20) and some long calculations, we can rewrite (3.21) as
where the actual dependence on the position r 0 and moment Q of the source dipole, on the observation point r, on the geometrical parameters α i , b i , i = 1, 2, 3 , and on the conductivities σ α and σ b , is explicitly shown.
Next we move to the integral
Following the same track of calculations as with the integral I α (r) we obtain
27)
28) 
The dyadic functionH 1 (ρ) and the tetradic functionH 2 (ρ) are defined by (3.12) and (3.13) respectively.
It is straightforward to show that as a consequence of confocality
The potential (2.20) provides
Further manipulations imply that
for m = 1, 2, 3,
Using orthogonality, the integral (3.23), with the help of the multipole expansions (3.24) and (3.37), provides 
The multipole expansion of the first term on the right-hand side of (2.9) implies that [3] 
At this stage we have the multipole expansions of all terms appearing in (2.9), which by virtue of the continuity condition (2.15) is written as
(3.46)
First we observe that the dipole term of the expression involving I α (r) and I b (r) gives
whereĨ stands for the identity dyadic. Combining this result with (3.45) we see that the dipole contribution to B vanishes. This result is in accord with the physical fact that no magnetic monopole exists in nature. Consequently, the leading multipole of B is of quadrupolic character. Analyzing each one of the five types of quadrupoles appearing in the part of B that is due to the conductive current we obtain
and for i, j = {1, 2, 3} with i = j,
(3.50) Substituting (3.48)-(3.50) in (3.46) and using the identities
whereĨ is the identity tetradic defined bỹ
we arrive at the compact expression
and
defined in (2.21). Obviously, the coincidence of the conductivities, which geometrically is reflected upon the absorption of the shell into the conductive core, i.e.,
implies that
and finally,
Then (3.58) is reduced to the corresponding expression for the magnetic induction field for the single homogeneous model [3] 
4. Reduction to spherical geometry. It is hard, at a first glance, to accept that results on the ellipsoidal system do not reduce trivially to the corresponding results for the spherical system. Nevertheless, a more careful consideration helps to realize that this is an intrinsic difficulty which is due to the way the two systems are constructed. In particular, while the spherical system reduces down to a point, i.e. the center, the ellipsoidal system reduces to a two-dimensional manifold; that of the focal ellipse. As a consequence, the reduction from the ellipsoidal expressions to the spherical ones leads to complicated indeterminate forms which are not easy to handle. An appropriate, but not always obvious, grouping of terms is necessary to overcome these difficulties. This is a cumbersome process which will not be explained further here. As an example, we give the limit [3] lim e→s ⎛ ⎜ ⎜ ⎝
where the notation e → s denotes the reduction of the ellipsoidal to the spherical system. More limits of this kind can be found in [3] . If we denote by α and b the radii of the exterior and the interior reduced spheres respectively, then it is not hard to show that Furthermore, the limits imply that Note that the spherical quadrupolic term on the right-hand side of (4.16) coincides with the corresponding result for a single homogeneous sphere and this is in accord with common knowledge that shells are not "readable" by MEG recordings. We remark here that this property of spherical geometry is due to the non-dependence of the radial component of the magnetic field on the electric potential [15] . Our results though show that this is not true for the more realistic ellipsoidal model of the brain.
Appendix A. Ellipsoidal Harmonics. The reader can find the basic theory of ellipsoidal harmonics in the monumental work of Hobson [9] . Here, we provide only the expressions that will make the present work self-readable.
The interior Lamé functions E m n (x) and the exterior Lamé functions F m n (x), where n = 1, 2, ... denotes the degree and m = 1, 2, ..., 2n + 1 denotes the order of the corresponding function, solve the Lamé equation,
The constants A and B are appropriately associated with the degree n and the order m. We only use the Lamé functions of degree less or equal to 2, and these are 
